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Abstract In this work we propose to replace the GLPD hypo-elasticity law by
a more rigorous generalized Hooke’s law based on classical material symmetry
characterization assumptions. This law introduces in addition to the two well-
known Lame’s moduli, ﬁve constitutive constants. An analytical solution is de-
rived for the problem of a spherical shell subjected to axisymmetric loading con-
ditions to illustrate the potential of the proposed generalized Hooke’s law.
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The unlimited localization of strain and damage predicted by standard local ductile fracture
models and possible solutions to circumvent these issues are currently the subject of intense re-
search in the general area of ductile rupture mechanics. Some of these research efforts directly
introduce, through the use of a regularization operator, a characteristic length scale aiming at lim-
iting the localization zone into the constitutive relations of the model. The regularization operator
can be of integral or gradient types. In the ﬁrst case, the local evolution equation of the damage
in the constitutive relations is replaced by a convolution integral involving a weight function. The
integral type nonlocal formulation was ﬁrst introduced by Kro¨ner1 and Eringen and Edelen2 in the
context of elasticity and later on by Pijaudier-Cabot and Bazant3 in concrete materials; it has been
popularized in plasticity and ductile fracture mechanics by Saanouni et al.,4 Leblond et al.,5 Tver-
gaard and Needleman,6 and Enakoutsa et al.7 to mention the most signiﬁcant works. Recently,
Enakoutsa et al.7 have shown that with a minor modiﬁcation, the integral type nonlocal approach
is a good solution to the unlimited localization problem arising in the Gurson8 model. The gra-
dient type regularization operator was introduced the ﬁrst time by Aifantis9 and was motivated
by the existence of pattern formation during plastic deformation, and transferred to damage me-
chanics by Peerlings et al.,10,11 Fremond and Nedjar,12 Pijaudier-Cabot and Burlion,13 Comi and
Driemeier,14 Comi,15 Geers et al.16 Although the two methods are widely accepted to settle the
unlimited localization problem and the ensuing pathological mesh dependency issues in numeri-
cal simulations involving ductile damage, they lack any serious physical justiﬁcation or introduce
some spurious boundary conditions. These are good reasons that motivated the development by
Gologanu et al.17 of a another ductile fracture model embedded with a characteristic length scale,
the Gologanu–Leblond–Perrin–Devaux (GLPD) model.
The GLPDmodel is based on a micromechanical analysis that extends the Gurson’s conditions8
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of homogeneous boundary strain rate to the case of inhomogeneous boundary strain rate through
the use of a quadratic type velocity ﬁeld over the boundary of the representative volume element
considered. The outcome of the analysis is a Gurson-like model containing a generalized stress of
moment type in addition to the regular Cauchy stress, along with some characteristic length scales,
which Gologanu et al.17 related to the size of the representative cell utilized in the analysis. In
practice, Enakoutsa,18 Enakoutsa and Leblond19 developed an Aravas-like algorithm20 to imple-
ment the GLPD model in a ﬁnite element (FE) code. This algorithm involved several difﬁculties,
including the introduction of the elasticity law, the elimination of the need of high-order ﬁnite
elements, and the solution of the projection problem. Although, these difﬁculties were cleverly
circumvented in the works of Refs. 17–19, some of the solutions proposed are not satisfactory. Of
particular interest in this work is the hypo-elasticity law in the GLPD model. Gologanu et al.17
have suggested to use the standard Hooke’s law to relate the Cauchy stress and the strain, while
they related the moment to the gradient of the deformation using some elastic moduli based on a
very crude approximation. Namely, these authors considered a purely elastic medium and used
a trial displacement ﬁeld corresponding to a rigid-body motion for macroscopic strain gradients.
The argument of these authors to do so was that elasticity plays a minor role during ductile frac-
ture. This is true, especially in static problems. In dynamic problems, in contrast, the elasticity
law must be precisely deﬁned since it governs the propagation of waves, for example in plate
impact problems.
Following a previous work of Dell’Isola et al.,21 we propose to replace the GLPD hypo-
elasticity law by a more elaborated one based on material symmetry characterization hypothesis;
the proposed law is used to derive the analytical solution for the problem of a spherical shell
subjected to axisymmetric loading conditions.
The GLPD model is a nonlocal model (of micromorphic type) for ductile fracture based on
micromechanical arguments which were presented in Ref. 17. The GLPD constitutive relations
were obtained from the homogenization of a representative volume element C(X ) of center X in
a plastic porous medium subjected to conditions of inhomogeneous boundary strain rate which
were deﬁned as
vi(x) = Ai jx j+Bi jkx jxk/2, ∀x ∈ ∂C(X ). (1)
In relation (1), v(x) denotes the microscopic velocity, A is a second-rank tensor and it can be
considered as symmetric since its antisymmetric part represents a mere rigid-body motion, and B
is a third-rank tensor symmetric in its second and third indices.
Let us mention that the microscopic velocity ﬁeld v(x) is extended arbitrarily over the voids in-
cluded in the representative elementC(X ); also, the macroscopic strain rateD(X ) is deﬁned as the
average value 〈d(x)〉C(X ) of the microscopic Eulerian strain rate d(x) ≡
[
∇xv(x)+(∇xv)T(x)
]
/2
over this element. A simple calculation based on Green’s formula then shows that
Di j(X ) = Ai j+
(
Bi jk+Bjik
)
Xk/2⇒ Di j,k(X ) =
(
Bi jk+Bjik
)
/2, (2)
where X is a macroscopic position vector which can be considered as a continuous variable.
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Equation (2) demonstrates in particular that the macroscopic strain rate D(X ) and its gradient
∇XD(X ) ≡ ∇D(X ) are independent of the manner in which the ﬁeld v(x) is extended over the
voids.
The second part of Eq. (2) may be inverted by permuting the triplets (i, j,k) and combining
the results using the symmetry of the tensor B in its last two indices. The result reads
Bi jk = Di j,k(X )−Djk,i(X )+Dki, j(X ). (3)
Thus, for given values ofD(X ) and ∇D(X ), the ﬁrst part of Eq. (2) and Eq. (3) fully specify those
of the tensors A and B, and therefore the boundary conditions on the representative element.
We shall assume that the microscopic Cauchy stress ﬁeld σ(x) vanishes in the voids embedded
in the representative cell. (This preserves the statically admissible character of this ﬁeld since the
boundaries of the voids are traction-free). The macroscopic stresses Σ (X ) and moments M(X )
are then deﬁned by the following formulae
Σi j(X )≡ 〈σi j(x)〉C(X ), Mi jk(X )≡ 〈σi j(x)(xk−Xk)〉C(X ). (4)
A combination of the principle of virtual work, the boundary conditions (1), Green’s formula, and
Eq. (2) yields
〈σ (x) : d(x)〉C(X ) = Σi j(X )Di j(X )+Mi jk(X )Di j,k(X )≡ Σ (X ) :D(X )+M(X )
...∇D(X ). (5)
Equation (5) can be considered as an extension of the classical Hill–Mandel lemma for conditions
of homogeneous boundary strain rate.22–24 It can be used to deﬁne the virtual power of internal
work of the body, see for instance in Refs. 17–19. The application of the principle of virtual
work with a crude choice of the virtual power of external forces can be utilized to deﬁne some
balance equations involving a linear combination of the derivative of the stresses and moments,
along with some sophisticated boundary conditions.25 To ﬁnd an analytical or numerical solution
of a boundary value problem involving the GLPD linear isotropic material, we must deﬁne the
constitutive relations governing the elastic behavior of the GLPD materials. The next part aims to
do so.
The derivation of the generalized Hooke’s law discussed in this part follows previous sugges-
tions of Dell’Isola et al.21 and Papanicolopulos26 in the context of linear isotropic elasticity; these
works were extended to the framework of anisotropic elasticity in the works of Auffray et al.27,28
The theoretical foundations of the generalized constitutive relations for linear isotropic GLPD
materials are based on a free energy which depends on the strain rate and its gradient. This free
energy must satisfy the usual requirement of linearity of the constitutive relations with respect to
the strain measures. One way to satisfy this requirement is to assume that the free energy is a
quadratic form of both the strain rate and its gradient it depends on. With these assumptions, we
can deﬁne the free energy of the GLPD material as
Ψ(Di j,Di j,k) =
(
Ci jklDi jDkl +2Hi jklpDi j,kDlp+Gi jklpqDi j,kDip,q
)
/2, (6)
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where the fourth-rank tensor C ≡ (Ci jkl)1i, j,k,l3, the ﬁfth-rank tensor H ≡ (Hi jklp)1i, j,k,l,p3
and the sixth-rank tensorG ≡ (Gi jklpq)1i, j,k,l,p,q3 obey the following symmetry properties
Ci jkl =Ckli j, Hi jklp = Hlpi jk, Gi jklpq = Glpqi jk. (7)
Also, the symmetry property of the Euleurian strainD enforces the following additional properties
Ci jkl =Ci jlk =Cjikl , Hi jklp = Hjiklp = Hi jkpl , Gi jklpq = Gjiklpq = Gi jkplq. (8)
The stresses and moments, Σ ,M , are derived from the free energy Eq. (6) as
Σi j =
∂Ψ
∂Di j
=Ci jklDkl +Hi jklpDkl,p, Mi jk =
∂Ψ
∂Di j,k
= Gi jklpqDlp,q+Hi jklpDlp. (9)
Equation (9) clearly shows the symmetry of Σ (X ) and that M(x) is symmetric in its ﬁrst two
indices. We shall now use the classical arguments of material symmetry characterization to ex-
plicitly deﬁne the tensors C, H , and G. According to the material symmetry characterization
properties, a linear material is isotropic only and only if its free energy, deﬁned here by Eq. (6),
satisﬁes the relation Ψ(Di j,Di j,k) = Ψ(QhiDhmQmj,QhiDhm,nQmjQnk), where Q is an arbitrary
second-rank orthogonal transformation matrix. The symmetry conditions (8) immediately imply
that the tensorsC,H , andG must be given by
Ci jkl =ChmnrQhiQm jQnkQrl , Hi jklp = HhmnrsQhiQm jQnkQrlQsp,
Gi jklpq = GhmnrstQhiQm jQnkQrlQspQtq, m,n,h,r,s, t = 1,2,3
(10)
for any arbitrary second-rank orthogonal matrix. Here, there are some connections with the work
of Suiker and Chang29 where the tensorsC,H , andG satisfying the relations (10) are determined
considering a particular class of second-rank orthogonal matrices, namely the proper orthogonal
transformation matrices that are usually utilized to characterize isotropic linear materials. The
relations (10) must also be fulﬁlled for any arbitrary reﬂection matrix. To ﬁnd the tensorsC, H ,
andG, we shall consider any arbitrary second-rank orthogonal transformation matrix, and not just
the proper orthogonal transformation matrix as it was the case in the works of Suiker and Chang.29
These matrices must satisfy the conditions (7), (8), and (10). A simple calculation then gives
Ci jkl = λδi jδkl +μ
(
δikδ jl +δilδ jk
)
, Hi jklp = 0, (11)
and Gi jklpq = c1
(
δi jδklδpq+δi jδkpδlq+δikδ jqδl p+δiqδ jkδl p
)
+
c3
(
δikδ jlδpq+δikδ jpδlq+δilδ jkδpq+δipδ jkδlq
)
+
c5
(
δilδ jqδkp+δipδ jqδkl +δiqδ jlδkp+δiqδ jpδkl
)
+
c2δi jδkqδl p+ c4(δilδ jpδkq+δipδ jlδkq), (12)
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where δi j denotes the Kronecker delta symbol and ci represents some material constant that can
be characterized for different materials. We obtained a vanishing value for the ﬁfth-order tensorH
basing on the hypothesis of invariance under reﬂections. Otherwise,H would not vanish but take
the form Hi jklp = c8
(
εiklδ jp+ εipqδ jl + ε jklδip+ ε jkqδil
)
, where εikl is the Levi–Civita alternator.
The hypothesis is what we accounted for by considering any arbitrary orthogonal matrix in the
derivation and not just the proper orthogonal matrices.
Equations (11) and (12) are useful to deﬁne the generalized Hooke’ law for linear isotropic
GLPD second gradient materials. These relations involve seven constants: c1 and c2 (stand for
the usual Lame’s coefﬁcients λ and μ) and the remaining ﬁve constants. Equations (11) and (12)
generalize previous ﬁndings of Toupin,30 Mindlin,31 and Sokolowski.32 When three out of these
ﬁve constants vanish, constitutive relations developed by Mindlin31 and used by Sokolowski32 are
recovered.
Using the expressions (11) and (12), the constitutive relations (9) read
Σi j = λDkkδi j+2μλDi j,
Mi jk = 2c1Dkp,pδi j+ c1Dpp, jδik+ c1Dpp,iδ jk+ c2Dll,kδi j+2c3(Djq,qδik+Diq,qδ jk)+
2c4Di j,k+2c5(Dik, j+Djk,i).
(13)
Equation (13) is more general and physical sounds than the ultra crude one used in Ref. 17 to
account for elasticity in the GLPD model of ductile fracture. As an illustration of the potential of
the proposed constitutive relations, we use them to idealize the matrix material in the solution of
the boundary value problem of a spherical shell subjected to axisymmetric loading conditions.
We consider a spherical shell of internal and external radii ri and re, respectively. The matrix
material obeys the constitutive relation deﬁned by Eq. (13) and the spherical shell is subjected to
axisymmetric loading conditions. Closely related boundary value problems were considered in
Refs. 25 and 33, but departs from it with the constitutive law used to idealize the matrix mate-
rial. There are several motivations to address the spherical shell problem. The ﬁrst one is to ﬁnd
analytical solutions for simple boundary value problems that can be of interest to assess the nu-
merical implementation of higher-order gradient theories in FE code, whether these theories deal
with elasticity or inelasticity. Another motivation to solve the proposed boundary value problem is
that its solution can be useful to understand the theoretical foundations of generalized continuum
theories, which is not an easy task.
To begin, we present a brief review of the balance equations associated to the GLPD theory,
since they will be utilized during the derivation of the solution of the spherical shell boundary
volume problem under consideration. These equations are obtained from the application of the
principle of virtual work,17–19 they relate the derivatives of the macroscopic moment and stress as
Σi j, j−Mi jk, jk = 0 in Ω , (14)
where Ω represents the body (spherical shell) considered. Also, the spherical shell problem in-
volves spherical symmetries, and we shall seek its solution in the framework of linearized elas-
ticity theory (small displacements and strains). Use will be made of the variables Ur ≡ U and
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U ≡Uer which denote the radial displacement in the shell and the displacement vector, respec-
tively.
Also to be considered in the procedure of solution of the problem is the vectorW = ΔU (the
symbol “Δ” stands here for the Laplacian operator) which satisﬁes the following property
Wi,hh =Wh,hi. (15)
The proof of property (15) is based on the radial nature of the vectorW and is provided in Ref. 25.
Furthermore, combining the deﬁnitions of the strain tensorD and the vectorW , we get Dhh,i =
Uh,hi =Wi, Dih,h = (Ui,hh+Uh,ih)/2=Ui,hh = ΔUi, that is
Dhh,i = Dih,h =Wi. (16)
The procedure of solution begins by taking the derivatives of the stress and moment compo-
nents of Eq. (13); after somewhat lengthy calculation, we get
Σi j, j = (λ +2μ)Wi, Mi jk, jk = (4c1+ c2+4c3+2c4+4c5)(ΔW )i. (17)
A combination of the balance equations (14) and Eq. (17) yields
Wi− (4c1+ c2+4c3+2c4+4c5)λ +2μ (ΔW )i = 0 (18)
or W − (4c1+ c2+4c3+2c4+4c5)
λ +2μ
(ΔW ) = 0 (19)
in compact form. A similar equation was obtained in Ref. 25; the only difference between the two
equations lies in the presence of the factor (4c1+c2+4c3+2c4+4c5)/(λ +2μ), which we shall
denote by k2 in the subsequent. The solution of Eq. (19), which bears some similarities with the
equation of radial vibration of a sphere, is classical. It mainly relies on the fact that the vectorW
being radial derived from a scalar ﬁeld φ . Hence, Eq. (19) reads Δφ − k2φ =Cst. The arbitrary
constantCst can be set to zero. Solving the resulting equation for φ we get
φ = αekr/r+βe−kr/r and W ≡Wr = φ ′, (20)
where α , β , and k represent some arbitrary constants and the symbol “ ′ ” denotes the partial
derivative ∂/∂ r. The radial displacement Ur ≡ U can then be obtained through the ordinary
differential equation
W ≡Wr = (∇trD) = (trD),r =
(
U ′+2U/r
)′
, (21)
the solution of which gives, forUr ≡U , the relation
U(x) = α
(
1/x−1/x2)ex+β (1/x+1/x2)e−x+ γx+δ/x2, (22)
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where x ≡ kr, α , β , γ , and δ represent some arbitrary constants. To calculate these constants we
must determine the values of the stress and moment on the boundary of the spherical shell. The
expressions of the moments and stresses are unknown. Their calculation is the objective of the
following part.
We provide the value of the moment and stress ﬁelds using Eq. (13) and the newly computed
value of the displacement ﬁeld Eq. (22). Due to the symmetry involved in the problem, the “a
priori” non-zero components of the moment tensor M are Mrrr, Mθθr = Mφφr, Mrθθ = Mθrθ =
Mrφφ =Mφrφ and that of Σ are Σrr and Σθθ = Σφφ . Combining Eqs. (13) and (16), we get
Mrrr = (4c1+ c2+4c3)Wr+2(c4+2c5)(∇D)rrr, (23)
(∇D)rrr = k2
[
βe−x
(
1
x
+
3
x2
+
6
x3
+
6
x4
)
+
6δ
x4
]
+ k2
[
αex
(
1
x
− 3
x2
+
6
x3
− 6
x4
)]
, (24)
W (x) =Wr = k2
(
αex/x−αex/x2+βe−x/x+βe−x/x2) (25)
from Eq. (20). Thus
Mrrr = αexP(x)+βe−xQ(x)+6δ/x4, (26)
where
k1 = 4c1+ c2+4c3, k2 = 2(c4+2c5),
P(x)≡ k2(k1+ k2)/x− k2(k1+3k2)/x2+6/x3−6/x4,
Q(x)≡ k2(k1+ k2)/x− k2(k1+3k2)/x2+6/x3+6/x4.
(27)
The component Mrθθ and Mθθr, also deduced from a combination of Eqs. (13) and (16), read
Mrθθ = k2(c3+2c5)
(
αex/x−αex/x2+βe−x/x+βe−x/x2) ,
Mθθr = k2(2c4+ c3)
(
αex/x−αex/x2+βe−x/x+βe−x/x2) . (28)
Since the displacement ﬁeld is radial, the only non-zero component of the stress is calculated from
the standard Hooke’s law as follows
Σrr/(λ +2μ) = Drr = kαex
(
1
x
− 2
x2
+
1
x3
)
− kβe−x
(
1
x
+
2
x2
+
1
x3
)
− kδ
x3
+ kγ .
The newly calculated values of the stress and moment will serve to determine the values of the
arbitrary constants in the relation giving analytical form of the displacement. Such a calculation
is presented in the next section.
The solution of the boundary value problem considered has introduced four arbitrary constants
α , β , γ , δ that need to be determined. The easiest way to do so is to consider the following natural
boundary conditions Mrrr(ri) = 0, Ur(ri) = Δi, Mrrr(re) = 0, and Ur(re) = Δe. Assuming that
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xi = kri, xe = kre, Pi ≡ P(xi), Pe ≡ P(xe), Qi ≡ Q(xi), the boundary conditions read
αexiPi+βe−xiQi+6δ/x4i = 0, αe
xePe+βe−xeQe+6δ/x4e = 0,
α
(
1/xi+1/x2i
)
exi −β (1/xi+1/x2i )e−xi + γxi+δ/x2i = Δi,
α
(
1/xe+1/x2e
)
exe −β (1/xe+1/x2e)e−xe + γxe+δ/x2e = Δe.
. (29)
Therefore, we obtain a system of four linear equations with four unknowns α , β , γ , and δ . The so-
lution of this system of equations gives the analytical expression of these unknowns as a function
of xi, xe, Pi, Pe, Qi, Qe, Δi, and Δe. Solving Eq. (29) for α , β , γ , and δ , we get
α = 6
(
Δi
xi
− Δe
xe
)(
x4i Qie
−xi − x4eQee−xe
)
/De, β =−6
(
Δi
xi
− Δe
xe
)(
x4i Pie
xi − x4ePeexe
)
/De,
δ =−αx
4
i e
xiPi+βx4i e
−xiQi
6
, γ =
Δi
xi
−
[
α
(
1
x2i
− 1
x3i
)
exi −β
(
1
x2i
+
1
x3i
)
e−xi − δ
x3i
]
,
De =
(
x4i Qie
−xi − x4eQee−xe
)
(exiBi− exeBe)−
(
x4i Pie
xi − x4ePeexe
)(
e−xiAi− e−xeAe
)
,
A (x)≡ 6
x3
− 6
x2
− xP(x), B(x)≡ 6
x3
− 6
x2
− xQ(x), Ai ≡A (xi), Bi =B(xi). (30)
Note that these arbitrary constants are determined as a function of the ﬁve constitutive con-
stants, c1, c2, c3, c4, and c5 (the remaining two constants are the well-known Lame’s coefﬁcients).
The exact determination of these constants is still the subject of vibrant research. For linear
isotropic materials, which is the case here, some restrictions can be found on these constants due
to the inequality of positiveness of the free energy the constitutive relations are derived from, but
such discussions are out of the scope of this work.
A more elaborated generalized elasticity law based on material symmetry characterization is
proposed as an alternative to the crude hypo-elasticity law used in the GLPD model for porous
ductile materials. This law involves in addition to the regular two Lame’s coefﬁcients ﬁve constitu-
tive constants that need to be determined. As an illustration, the proposed law is used to derive the
exact analytical solution of the boundary value problem of a spherical shell subjected to axisym-
metric loading conditions. Such a problem can be used to validate the numerical implementation
of the GLPD model which is critical in the numerical simulation of structures undergoing ductile
fracture.
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